We examine the procedure to construct the variables of use for the momentum representation in quantum mechanics. The momentum variables must be chosen properly conjugate to the corresponding position space variables, such that valid uncertainty relationships are maintained. We then apply such considerations to the hydrogen atom to obtain the momentum space wave functions corresponding to the position space functions in paraboloidal coordinates.
The Momentum Representation
In quantum mechanics it is well-known that the state functions, which are eigenfunctions of the Hamiltonian operator, may be regarded solely as functions of the position of the particles q.
The position variable has a corresponding variable in momentum p, to which it is conjugate.
Alternatively, the state functions can be represented as functions solely of the momentum. Both representations are equivalent, and the expectation values of quantum mechanical observables should be the same, independent of the representation chosen. The selection of a particular representation is entirely a matter of convenience, and as a result it is usually chosen to be the position space representation. This is because, at least for bound-state problems, it is easier to express the potential energy (usually a function of position variables) in the position representation. By contrast, in the momentum representation the position variables are represented by differential or integral operators. Consequently, little work has been carried out for bound-state problems in momentum space. This is unfortunate, since in many ways the momentum representation may be thought of as the other half of quantum mechanics. This alone, makes it worthwhile at least to examine and investigate the solutions for important problems in momentum space. More importantly, there are sometimes distinct practical advantages to momentum space functions. As an example, we show here that a correct interpretation of the momentum operator indicates that it must be regarded as a complex variable 1 . Since many solutions to the integral eigenvalue equations obtained for atomic problems result in functions which have poles along the imaginary axis, powerful analytic tools such as Cauchy's theorem may be invoked in order to facilitate integration over these functions. A rather large stumbling block in the calculation of accurate wave functions for polyatomic molecules is the extensive number of integrals which must be calculated, often numerically. Use of momentum space basis sets may alleviate this problem.
The momentum representation in quantum mechanics may be defined as the space of momentum coordinates chosen properly conjugate to each of the corresponding position space coordinates. Most quantum mechanical calculations begin with the establishment of an appropriate classical Hamiltonian written in terms of the position q and momentum p of the particles involved.
In Cartesian space the variables p, q range from [-∞,∞]. For a single particle in one dimension it is usually written as:
Where µ is the mass of the particle and V(q) is the potential energy function. In order to convert this classical Hamiltonian function to a quantum mechanical operator, we express the momentum as an operator (using units in which ħ =1) as
and we seek solutions of the resulting differential eigenvalue equation:
E represents the eigenvalues, while y(q) are the state eigenfunctions, expressed as functions of the position of the particle. It is easy to show that a commutation expression between the conjugate operators can be written:
State functions expressed as functions of position q, are usually referred to as the position
representation. An equally valid description of the state of the system is through functions of the momentum φ(p), which are related to the position functions by way of a unitary transform 2 S(p,q)
To determine the correct equation leading to φ(p), we replace the functions of q in (1) with operators:
q → id/dp,
Note expression given for q -1 is shorthand; the path of integration for the expression for q -1 is along the real axis from -¥ to p. The complete expression for I f(p) is therefore
. It should also be pointed out that Hylleras 3 discusses the meaning of the operator form of the inverse position.
Depending on the form of V(q) we obtain either differential or integral equations, which must be solved for φ(p). Functions in this form are usually referred to as the momentum representation. As noted previously, most quantum mechanical calculations are carried out in the position representation, due to the fact that it is much easier to determine the potential energy V in terms of position q. However, for completeness it is worthwhile to find the correct expressions for state functions in terms of p as well. In fact, in some cases, this leads us to possible simplifying advantages as we will see below.
It is also worthwhile to determine the correct transform between position representation functions and those in the momentum representation. It is often stated in textbooks that this transform is the Fourier transform. 4 In this case we can write simply:
However, as was first pointed out by Podolsky 5 , this is correct only for Cartesian coordinates. For curvilinear coordinates, we must choose a transform which maintains the proper conjugate relation between momentum space and position space variables. DeWitt 6 obtained a
iqp S p q e = more general form, which holds for all transformations between a n-dimensional Cartesian space (x1, x2, …xn) and an arbitrary coordinate system (q1,q2…qn) such that the volume element dV = dx1dx2…dxn is transformed into dV = gdq1dq2…dqn. The function g is the Jacobian of transformation. 7 DeWitt then showed that the Hermetian form of the momentum space variables is:
Under these circumstances, the most general transform between position space and momentum space is:
Early work was carried out on the hydrogen atom by Podolsky and Pauling 8 in which the momentum distribution was obtained as the square of the momentum eigenfunction. This was obtained by a direct Fourier transform of the position space functions in terms of the variables (P, Θ, Φ), where P is the total momentum, and Θ, Φ are the polar angle of P measured from the position space axes. In contrast, Fock 9 used an integral equation approach with the same variables to obtain identical results. These variables were not chosen to be conjugate with any position space variables. In fact the angular parts are defined in terms of position space, and in this regard the eigenfunctions presented cannot be considered to be in true momentum representation. No operator expression for the momentum variables is given, nor are there any commutation relations. This is in apparent contradiction to the earlier work by Podolsky 5 in which the correct curvilinear momentum expressions were derived.
In previous work 1 we have obtained the momentum representation functions for the hydrogen atom using spherical polar coordinates. For the readers convenience, a summary of this derivation is presented in the appendix of this work [note this also includes a corrected normalization constant]. This has proven valuable for various extensions of momentum representation to the He atom 10, 11 , relativistic Dirac equation 12 , as well as the hydrogen molecule ion 13 .
In this work, we explore the extension of these ideas to the momentum representation of the hydrogen atom in paraboloidal coordinates. A valuable description of this topic in position space is given by Bethe and Salpeter 2 . As they point out, this coordinate system is useful in considering various important perturbation problems, such as the Stark effect, in which an external field is applied to the atom, the photo-electric effect, the Compton effect, as well as for electron collisions. We should add that use of these coordinates may also be of value in considering molecular problems where there are other centers of positive charge, such as diatomic molecules.
Hydrogen Atom in Paraboloidal Coordinates
Paraboloidal coordinates are especially useful for perturbation calculations in which a particular direction in space is preferred by some external force. We use the position space formulation of Bethe and Salpeter 2 (p. 27) in which we transform from Cartesian (x,y,z) to paraboloidal (u,v,φ) coordinates using:
Letting: Z = Z1+Z2, after separation of variables in position space we obtain the three equations:
In this coordinate system, the Jacobean of transformation is ( , ) = The momentum equations are then
The 
After integrating and simplifying we obtain 2 the normalized expression for a(p):
Where: The complete momentum eigenfunction for the hydrogen atom in paraboloidal coordinates is:
! ! !
In this expression the functions a are those given in equation (17). This expression emphasizes the symmetry between pu and pv. Letting n = n1 + n2 + m +1, the energy may be expressed by:
In this expression, n1 and n2 are non-negative integers such that n1,2 = 0,1,2…n-m-1.
Since for m>0 there are two possible values (±m), the correct degeneracy is obtained.
As examples of the simplicity of these functions we present the normalized momentum eigenfunction for the n = 1, 2 states of the hydrogen atom:
Three dimensional plots of the real parts of each of these functions are shown in figures (1) 
Conclusions
We have examined the correct expression for momentum variables which may be chosen properly conjugate to corresponding position variables. These must be chosen so that proper uncertainty relations are also obtained. The resulting expressions allow the construction of eigenfunction equations in momentum space, which may involve either differential or integral equations depending on the exact form of the potential energy. Solution of these equations provides momentum representation eigenfunctions, which may be used to obtain expectation values of all the operators of interest.
We illustrate the advantages of this procedure by application to the hydrogen atom paraboloidal coordinates. The resulting integral equations may readily be solved, resulting in eigenfunctions which involve extension of the momentum variables to complex space. These functions can then be represented by simple polar functions with singularities along the imaginary p (pu or pv) axis. These poles enable application of Cauchy's theorem for determination of various integrals, leading to facile calculations of integral which are of considerably more difficulty in position space.
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We first turn to the examination of momentum space variable pr, which is conjugate to the position space radial variable r. As suggested above, we obtain the conjugate momentum variable to be expressed by:
We choose expressions for the position space variables to be
We then obtain the following momentum representation equation:
This is a second order integral equation in pr which must be solved for a(pr).
s-states ( = 0)
We first solve this equation for the important case for which = 0. Then we have simply:
It is convenient to make the substitution p0 = µZe 2 = 1/a0 (where a0 is the Bohr Radius). Taking the first derivative of this equation and rearranging we obtain:
This may be integrated easily to obtain:
Since a(pr) must be single-valued we require:
where n is a positive integer. Solving for E we obtain the correct energy for the hydrogen atom: 
